ing behaviour due to mechanical and chemical loadings. A mixture theory is used to simulate this behaviour.
First, the biphasic mixture theory is investigated. In this theory, the mechanical behaviour is described by mass and momentum balances, and constitutive equations. As a result a system of coupled, time-dependent, non-linear equations is obtained. These equations are discretised in space by a mixed-hybrid nite element method, and in time by a suitable implicit time integrator. Unlike t h e u-p formulation, the mixed-hybrid nite element method yields a conservative velocity-eld of the uid, which is a sound basis for accurate computations of, for example, di usion of particles inside the uid.
Then, the biphasic mixture theory is extended to a four components mixture theory in order to model chemical and electrical phenomena inside the material.
Introduction
Porous media, such as soils, rocks and biological tissues, can be idealised as deformable two-phase media 3, 4]. These materials consist of a deformable solid skeleton saturated with a uid. The solid skeleton models the grains, the rock with pores or the biological bres.
The study of deformable porous materials was started by Terzaghi 12] . He expressed the main phenomena in a consistent manner for a onedimensional case. Later, Biot developed a successful three-dimensional theory for soil consolidation 1]. His theory was mainly used to analyse and design structures and buildings on a porous soil. It was also used in the eld of oil industry. Later, it was adapted in order to describe the mechanics of biological tissues, for example articular cartilage 8]. In order to describe the in uence of particles inside the material, the theory was extended to a triphasic theory 7, 10] and later to a four components mixture theory 5].
For some 'simple' problems, analytic solutions were derived 1, 9, 12]. But in general the geometry and the boundary conditions are too complex to derive an analytic solution. Therefore, nite element approximations are used to solve the problems.
Until now, conforming nite elements are used 2, 10, 11]. Since cartilage is an inhomogeneous material and the permeability depends strongly on the deformation, these methods can give inaccurate solutions for the uid uxes 6]. Since the uid ow and the particle ow in uence each other severely, we need accurate solutions for these ows.
The goal of this research is to nd an appropriate nite element description of the mechanical behaviour of soft biological tissues.
Since the four components mixture theory is similar to the biphasic theory, w e r s t i n vestigate the biphasic mixture theory.
In this paper, a short description of the biphasic mixture theory is given. A mixed-hybrid nite element approximation for the biphasic mixture theory is derived and the existence and uniqueness of the solution is investigated. At the end, the biphasic mixture theory is extended to the four components mixture theory.
Physical model
Soft biological tissues, like cartilage, exhibit swelling and shrinking behaviour due to mechanical loadings. A biphasic mixture theory is used to simulate this behaviour. In this theory, the tissue is represented as a deformable saturated porous medium. The collagen bres and the proteoglycans network in the tissue are represented by the solid matrix. It is assumed that there are no chemical reactions between the components. Further, it is assumed that the uid and the solid are intrinsically incompressible. However, the tissue can swell or shrink due to absorption or expulsion of uid.
The material behaviour is described by a set of coupled equations. The material has to ful ll the momentum equation r = f (1) where the tensor describes the internal stresses. In this momentum equation, the inertial terms and the bodyforces are represented by f. We can split the stress tensor up into two parts: the e ective stress tensor e and the hydrodynamic uid pressure p: = e ; pI.
So, the momentum equation can be rewritten as r e ; rp = f:
The material also has to ful ll the mass balance for each component:
where s stands for the solid components and f for the uid component. In this equation n , and v are respectively the volume fraction, the density and the velocity of component . The rst term in the equation is the accumulation term. This term accounts for the in uence of the deformation of the solid, through which the porosity n f changes, and it accounts for the deformation of each component, through which the density changes. Further, we need constitutive equations. The rst one describes the solid behaviour. We assume that the solid is an elastic material. Then, the mechanical behaviour is described by H o o k e's law: e = (u) + (r u)I (4) where (u) = 1 2 ((ru) + ( ru) T ) is the strain tensor, u is the solid displacement a n d and are Lam e constants.
The second constitutive equation describes the uid ow. We assume that the poresize is large enough to neglect some boundary e ects, such as the Knudsen di usion and the Klinkenberg e ect 3]. Then, on a macroscopic scale, this uid ow is described by Darcy's law: n f (v f ; v s ) = ;Krp (5) where K is the permeability tensor. Darcy's law states that the uid ow is proportional to the pressure gradient.
After substitution of the constitutive equations into the balance equations, summation of the mass balances of the uid and the solid (equations (3) ) and assuming the densities to be constant, we end up with a set of coupled equations: 
Finite element model
In the nite element m o d e l w e approximate the in nite-dimensional spaces by nite-dimensional spaces, for example by using mixed nite elements. In the simplest mixed element that ful lls the unicity conditions, the displacements u h are spanned by continuous linear polynomials, the relative velocities v h by t h e l o west order Raviart-Thomas space and the uid pressure p h by piecewise constant functions. An advantage of this formulation, compared to a formulation with just the displacements and pressures as unknowns (the u-p formulation: equation (7) is substituted into equation (8) ), is that the continuity of the uid ow is enforced.
A method to reduce the resulting large matrix system, is the introduction of an extra variable: the Lagrange multiplier. The Lagrange multipliers enforce the continuity of the normal component o f the uxes v across the inter element boundaries. In a similar way as described by Kaasschieter and Huiben 6], the mixed-hybrid nite element description can be derived.
The resulting system has some nice properties: some submatrices are irreducible M-matrices and have element-wise positive inverses. Others are diagonal matrices and can also be inverted element-wise. By using these properties and by applying an implicit time discretisation, we end up with the saddle-point problem of the form A B B T ; t C U = F 1 (U t ) F 2 (U t ) (10) where A and C are positive-de nite matrices and U and are vectors with respectively the displacements and Lagrange multipliers. The uxes and the uid pressures can be computed a posteriori.
4. Extending to the four components mixture model The resulting variational formulation of the system is similar to that of the biphasic mixture theory, where, instead of one uid pressure, three electrochemical potentials are used, and, instead of one uid ux, three uxes for uid, cations and anions are used. Similar to the biphasic mixture theory, three Lagrange multipliers are introduced in the four components mixture theory. After reduction of the variables, we end up with a matrix system of the form This matrix system can be solved in a similar way as the biphasic problem.
